The cosmological constant problem is examined within the context of the covariant brane-world gravity, based on Nash's embedding theorem for Riemannian geometries. We show that the vacuum structure of the brane-world is more complex than General Relativity's because it involves extrinsic elements, in specific, the extrinsic curvature. In other words, the shape (or local curvature) of an object becomes a relative concept, instead of the "absolute shape" of General Relativity. We point out that the immediate consequence is that the cosmological constant and the energy density of the vacuum quantum fluctuations have different physical meanings: while the vacuum energy density remains confined to the four-dimensional brane-world, the cosmological constant is a property of the bulk's gravitational field that leads to the conclusion that these quantities cannot be compared, as it is usually done in General Relativity. Instead, the vacuum energy density contributes to the extrinsic curvature, which in turn generates Nash's perturbation of the gravitational field. On the other hand, the cosmological constant problem ceases to be in the brane-world geometry, reappearing only in the limit where the extrinsic curvature vanishes. 
The cosmological constant problem
The so-called Cosmological Constant problem had its first seeds planted in 1916, with the ideas of Nernst [1] . He studied the non-vanishing vacuum energy density that was fulfilled with radiation-only content, which was confirmed by the Casimir effect in 1948 [2] [3] [4] . In the late 1920's, Pauli [5] [6] [7] made studies about the gravitational influence of the vacuum energy density of the radiation field, suggesting a conflict between the vacuum energy density and gravitation. If vacuum energy density is considered, then gravity should be dismissed. Pauli's results passed unnoticed by the scientific community. Only on subsequent decades, the observations of quasars in the mid-late of the 1960's suggested the reconsideration of Λ [8] .
The development of observational experiments has re-considered the cosmological constant firmly in the last decade, which has revealed that Λ must be a nonvanishing quantity [9, 10] . Thus, the problem consists of a seemingly inexplicable difference between the small value of the cosmological constant, estimated from cosmological observations to be Λ/8π G ≈ 10
−47
Gev 4 , and its theoretical value given by the vacuum energy density, estimated to be ρ ≈ 10 71 Gev 4 , which is resulted from gravitationally coupled quantum fields in space-time. Such a large difference cannot be eliminated by renormalization techniques in quantum field theory, as it would require an extreme fine tuning [11, 12] . More recently, the problem has become a central issue in the context of the ΛCDM cosmological scheme for explaining the accelerated expansion of the universe.
There are a large variety of proposals for solving the cosmological constant problem [13] . One class of possible solutions of the cosmological constant, which includes the so-called quintessence, consists in adding to the right hand side of Einstein's equations a time dependent scalar field with suitable potential such that the field adjusts the difference between the observed Cosmological constant Λ/8π G and the vacuum energy ρ . The main difficulty associated with this type of solution is that it must also agree with other observed cosmological conditions [14] [15] [16] [17] [18] .
A more geometrical approach to the problem appeals to a modification of the Einstein-Hilbert action principle, such as in the F (R) theories, using higher order Lagrangian, where higher order curvature terms provide a difference between the observed cosmological constant and the vacuum energy [19] . However, once a physically justifiable Lagrangian is replaced by F (R), such as the EinsteinHilbert principle, it becomes a necessity to properly justify one choice amidst several. More specifically, it appears that the present astrophysical observations are not sufficient to decide on what F (R) to choose [20] . In a completely unexpected approach, the problem is avoided by using a theory in which the vacuum energy vanishes.
In superstring theory, an anthropic principle is used to link the universe where we live, to another one, where the cosmological constant value is the same as the Cosmological constant observed today, and it could not be otherwise. This implies in the existence of a wide landscape of possible universes, each one with different values of Λ and with different physics [21] . Although interesting, such approaches set a too distant target for theoretical physics as an experimentally based discipline.
Finally, the cosmological constant problem has been considered within specific models of Brane-world theory [22] [23] [24] [25] [26] . Just like Superstrings or M-theory, these models bring to light the discussion of the existence of extradimensions. However, the cosmological problem has implications on some fundamental issues, such as the EinsteinHilbert principle through the inclusion of the Λ term, and the different scales of energies between gravitation and gauge interactions involved in the composition of the vacuum energy. Therefore, it is likely that such problem cannot have a solution based on a specific model regardless of how good it is. Among the above mentioned proposals to solve the cosmological problem, the Brane-world program seems to be the one which also contemplates a solution of the hierarchy problem of the fundamental interactions. This problem can be summarized in the quantitative difference between electroweak and Planck scales / EW ∼ 10 16 based on the coupling constants measurements which means that gravity does not match the gauge interactions. In summary, these approaches are based on trying to decouple gravity from vacuum energy density, making it independent to gravitation. The general idea is that gravitation propagates in the extra-dimensions in a sort of "leakage" where the brane-world (4-dimensional space-time) is embedded in. This hypothesis could explain how gravity is weaker than other interactions as measured by an observer on the brane-world, where other gauge interactions are confined. Actually, the confinement of the gauge interactions has to do with Special Relativity, where the standard model of particles and interactions are built on. In other words, it is a consequence of the Poincaré symmetry of the electromagnetic field, and in general, of the dualities of the Yang-Mills fields, which are consistent in four-dimensional space-time only. One of the most known brane models is the RandallSundrum (RS) type II model [27, 28] . When applied to Cosmology, the vacuum energy density in a 3-brane is smaller than the one predicted by quantum field theory, which means that the cosmological constant problem persists, even though the fundamental TeV scale energy is preserved. A similar situation occurs when we treat the accelerated expansion (dark energy) problem in which the RS model II provides the modified Friedmann equation
where 5 is the 5-dimensional planck scale and is the 4-dimensional planck scale. The correction term corresponds to the square of the energy density ρ 2 of the confined matter [29] [30] [31] . As it is well known, this result is not compatible with recent observational data [32] because of the additional term on Friedmann's equation. The energy density ρ 2 provides a deceleration scenario of the universe, besides affecting the nucleosynthesis of large structures. To remedy this situation, other attempts have been studied, such as particular classes of bulk and brane scalar potentials [33] [34] [35] that lead to particular fine-tuning mechanisms.
Although the fact that the extrinsic curvature must be taken into account is well known and has been studied at length in the literature, nonetheless it is still ignored by using junctions conditions such as the Israel condition and the embedding process is commonly neglected. On the other hand, rather than just reflecting the discontinuity of the bulk geometry across the brane-world, the geometrical effect of the extrinsic curvature has been investigated as the main physical character and it seems to reveal a powerful geometrical explanation for the new problems of contemporary physics. Thus, the extrinsic curvature assumes the important role of driving the propagation of gravitation along the extra dimensions of the bulk space and it may provide a possible explanation for the hierarchy problem of the fundamental interactions. For instance, by using a confining potential as a mechanism to localize the matter to the brane-world, it was shown that the extrinsic curvature allied to the quantum effects of gauge fields could allow us to check out the effects of extra-dimensions, as well as solving both the cosmological constant paradigm [36] and the dark matter problem [38] .
Interestingly, it has been shown that the extrinsic curvature also plays an important role for the late time cosmic acceleration, with no need to invoke either a cosmological constant Λ or a quintessence field Φ [37, [39] [40] [41] .
In the following, we use essentially the fact that in braneworld gravity, the gauge fields, which compose the vacuum energy density, remain confined to the brane-world, but the cosmological constant as a component of the gravitational field, propagates along the extra dimensions.
The purpose of the present paper is in the first place to present a mathematically correct structure of space-time embedding based on Nash's theorem. Specifically, we show that in spite of the fact that space-times are fourdimensional, the gravitational field necessarily propagates along the extra dimensions of the embedding space. Secondly, a four-dimensional observer can detect a difference between Einstein's cosmological constant and the confined vacuum energy through a conserved quantity defined as the extrinsic curvature, which acts as an independent geometric field when compared to the metric, something that does not appear in most models.
Since all the constraints are applied to five dimensional models, for the sake of comparison, we explore the main result of the paper [41] which reproduces the XCDM phenomenological model. Rather than the discussion initially presented in [42] , we show that the extrinsic curvature is related to the cosmological constant and quantum vacuum energy density, which seems to work as the balance key point between such elements. The paper is organized as follows: the second section discusses the geometrical tips of brane-world geometry where we examine the meaning and characteristics of Nash's theorem. The third section is devoted to the discussion of the main result of [41] which we use as a starting point. The compelling usage of the present covariant formalism is that it can match the most recent observational results; an analytic relation between the extrinsic curvature, the cosmological constant and the vacuum energy density is presented in the fourth section. In the conclusion section we point out the final remarks.
On the brane-world embedded geometry
The difference between the vacuum energy and the cosmological constant is hidden in most brane-world models because the extrinsic curvature µν is commonly replaced by a function of the confined source fields. To be free from these pathologies we require a covariant formulation of the brane-world theory based on the perturbational theory of embedded submanifolds as stated in [31, 41] , rather than particular junction conditions. Its roots go back as far as the dawn of classical problems in differential geometry [43] , originated in the early days of Riemannian geometry, whose solution were suggested by L. Schlaefli [44] in 1873, by comparing two geometries where one is gauged by the other. The general solution for this problem was given by J. Nash [45] in 1956. Nash showed how any Riemannian geometry can be generated by metric perturbations against a bulk space (which he assumed to be Euclidean, but it was soon extended to a pseudo Riemannian bulk by R. Greene [46] ). As it happens, any embedded metric geometry can be generated by a continuous sequence of small metric perturbations of a given geometry with a metric of the embedded manifold defined by the extrinsic curvature as
The embedding apparently introduces fixed background geometry as opposed to a completely intrinsic and self contained geometry in general relativity. One way out of the necessity of having a fixed background is to transfer the dynamical structure to the embedding space. As it happens, Nash's theorem is based on a smooth (differentiable) manifold structure. For that purpose Nash introduced a theory of smoothing operators to guarantee that differentiable embeddings are sufficient. Here we suggest that the geometry of the bulk is given by the EinsteinHilbert action principle. This has the meaning that the embedding space has the smoothest possible curvature. Together with the Gauss-Codazzi and Ricci equations, this implies that the embedding is necessarily differentiable. With this definition the embedding space becomes the main dynamical structure.
Nash's perturbation method innovates in two basic aspects: first, there is no need to apply the restrictive convergent series power of analytical function hypothesis to make an embedding between manifolds. Second, in a physical sense, the perturbational nature of the process can be obtained in the same fashion as Cauchy's problem in Mechanics: by dynamical equations; besides, it also gives a prescription on how to construct geometrical structures by deforming simpler ones. It seems that this geometric perturbation process has to do with the formation of structures in the early universe [48] .
When Nash's theorem is applied to physics, it provides a general mathematical tool appropriated to the braneworld program. The covariant formulation of the braneworld uses basically three essential postulates: (a) The D-dimensional bulk is a solution of Einstein's equations; (b) The brane-world is a differentiable sub-manifold embedded in that bulk; (c) Gauge fields and ordinary matter are confined to the brane-world, whereas gravity propagates along the extra-dimensions. The most general covariant equations of motion are derived from the former conditions and can be reviewed in [31, 41, 47] and can be applied to specific models, as long as the particularities of the model are set after the formal development of the theory. For example, in the application of the Randall-Sundrum model II to cosmology, the IsraelDarmois-Lanczos jump condition replaces the extrinsic curvature at the start, which induces a modification on Friedmann's equations: it turns out to be the square of the confined matter density function, as shown in Eq. (1).
On the other hand, on a model independent of a covariant formulation, the extrinsic curvature appears as an independent symmetric tensor field which evolves together with the brane-world dynamics. This is an important result due to Nash's theorem because the extrinsic curvature becomes independent of the matter content on the locally embedded brane-world. Interestingly, the presence of the independent symmetric rank-two tensor field has been considered long before the observation of the accelerated expansion of the universe under different motivations and circumstances as a possible repulsive gravitational field [49] .
Regarding Cosmology, the principles of homogeneity and isotropy are the basic observational principles. Since they apply only to four-dimensional observers, we are led to the conclusion that the cosmological symmetry group G 2 is also confined to the brane-world. This must be compatible with the local Einstein's equations for the bulk geometry
where α * denotes the fundamental energy scale (TeV) and T * AB is the stress energy-momentum tensor of all possible sources, which we assume here to be made of ordinary matter and gauge fields, which means that it is essentially a confined source. In order to introduce the 4-dimensional cosmological constant to those equations, we have to consider a constant D-dimensional, generic curvature to the bulk, where the Riemann curvature is given by = α * T * = 0 ) and the EinsteinHilbert action for the bulk geometry, we can obtain the equations of motion for a generic Brane-world written as
which are referred respectively as gravitational tensor, vector and scalar equations of the Brane-world, where we have denoted
The effective 4-dimensional cosmological constant Λ is a property of the bulk and is related to Λ * by Λ = 2+3N 2+N Λ * . Here µν denotes the extrinsic curvature and = This is as far as we can go without being more specific. This covariant formulation, free of boundary conditions, shows the complete equations of embedding with the extrinsic curvature term in it. From these and the three brane-world postulates, we arrived at the generic equations of motion for a brane-world. Next, as a starting point, we review the application of such equations to the FLRW model in five dimensions as stated in [41] .
The FLRW Universe in the S

bulk
In this section, we summarize the main results stated in [41] . The number of dimensions of the bulk can be arbitrary, but it is known that the Friedman-Lemaître-Robertson-Walker (FLRW) cosmological solution for a confined perfect fluid can be embedded in a five dimensional bulk [50] , and for consistency with the presently observed cosmology, the bulk was taken to be the S 5 space-time. In this case, the covariant equations of motion (9) and (10) for the FLRW brane-world are
where the confinement was set simply as α * = −8πGT µν , T µν representing the energy momentum tensor of the confined matter, and T * µ5 = T * 55 = 0. Note that Eqs. (13) and (14) reduce to Einstein's theory (with Λ) in the limit µν → 0 and the extra dimensions are neglected. In this sense, Einstein's gravitational theory can be seen as the Riemannian (or intrinsic) limit of the brane-world gravitational theory. The FLRW metric may be more conveniently written as
from which the embedding in the five dimensional spaces with constant curvature can be easily derived. Here, ( ) varies from = = sin , and = sinh , as varies from = 0 +1 −1. The energy-momentum tensor of the confined perfect fluid is written in the usual co-moving coordinates as
Replacing these expressions in Eqs. (13) and (14), the extrinsic curvature can be initially determined from Eq. 
After replacing µν , µν and Q µν in Eq. (13), the braneworld modified Friedman equation is
where the correction term with respect to the standard 
where 0 and 0 are integration constants representing the current expansion parameter and the current warp of the universe. In this general formulation of the FLRW model, we arrived at an explicit expression (18) of the extrinsic curvature. This format leads to a Friedman equation where now the correction term is given by the extrinsic curvature instead of the energy density. Next we will establish the relationship between the extrinsic curvature, the vacuum energy density and the cosmological constant.
The brane-world vacuum energy
Analyzing the result in Eq. (23), we can go further and write the following expressions
(1−3ω 0 ) 0 (24) Since Q µν is defined and conserved in the brane-world, it follows that a four-dimensional observer confined to the brane-world interprets the difference Λ µν − Q µν in Eq. (9), which is inherently defined in a D-dimensional bulk, as being the vacuum energy of the confined fields, which are given by
This leads to the conclusion that only the extrinsic curvature composing Q compensates the difference between the observed cosmological constant and the general relativistic (intrinsic) vacuum, compatible with Eq. (13); and also that it remains valid even for a higher dimensional bulk. Hence, according to Eq. (24) and Eq. (25), we obtain
or, equivalently
where we have denoted
Consequently, we can no longer draw the conclusion that the cosmological constant is the vacuum energy, based simply on the fact that they are both constants. We can now analyze the problem having in mind some geometrical aspects. First, note that the geometrical constraint on Eq. (27) implies on the condition Q = 0. Secondly, on the other hand, when Q = 0 could induce to the rationalization that the cosmological problem would persist in the brane-world. Analyzing this constraint and using the definitions of K 2 and , and Eq. (21), it follows that
From which we conclude that neither µν = 0, nor the term in bracket vanishes, or yet, in a more general situation, that the two factors are "orthogonal" in the sense that the parenthesis is proportional to some tensor which cannot be linearly dependent of µν , but it can be proportional to µν . Denoting the proportionality constant by ξ, the most general solution of Eq. (28) is
To interpret this solution consider a small displacement on the foot of the normal vector η along a tangent direction µ to the brane-world, and look for a fixed point of the bulk lying in the line within that same normal direction. Considering that the point in the bulk is defined by the Gaussian frame bulk coordinates
where we denote A and η A respectively as the coordinates of a point in the brane-world and the vector orthogonal to the brane-world, and is the extra-dimensional coordinate, we can take an infinitesimal displacement tangent to the brane-world such that the position of the first does not change
Using the standard embedding equations we obtain a homogeneous equation on given by the determinant det( µν − µν ) = 0 whose solutions are the local curvature radii of the braneworld. In general, these curvature radii are distinct, i.e, for a given µν , there are at most four distinct solutions (β) (β) = 1 4 of such equation. It follows that
Since det µν = 0, we obtain a 4th-order degenerate solution given by
Consequently, any point on the brane-world with the condition Q = −(K 2 − 2 ) = 0 must be umbilicus, which means that it has a non-trivial solution when K = ± or = ∓1. This is not the case of a brane-world in general, and it may occur in very special situations where all directions µ are principal directions. For the FLRW brane-universe, this special case leads to B = 0, which implies that ( ) is constant. Such a particular value maintains the cosmological constant problem in a five FLRW brane-universe. From Eq. (9), we see that this corresponds to the usual Einstein's equations in General Relativity. Notice that the same conclusions are obtained if we leave Λ or the vacuum energy out of this discussion. It follows that the local limit of the brane-world cosmological gravitational equations is defined by Einstein's equations. It seems that if the extrinsic curvature has any local effect towards the final gravitational field then it must be negligible, so as to maintain the shapes of the local structure less simple than those filled with umbilicus points. However at the cosmological scale we do not have such restriction. Consequently, the propagation of the local gravitational field is given by µν , which is effective at the cosmological scale but that vanishes in the local limit. This embedded brane-world geometry with vanishing extrinsic curvature is still more complex than just General Relativity with only one extra-dimension.
The values of (8πG ρ confined − Λ), which are consistent with the current observable universe are extracted from the values of ω 0 , which satisfy the gold set of the SNe type Ia Union sample [52] . Accordingly, we must have
We can conclude that these data bring us back to the constraint Q = 0, where in fact there is a family of possible extrinsic curvature for the FLRW braneworld in the deSitter bulk with a positive Q compatible with the current observational data in cosmology, with
], which up to a sign and added constants, agrees with many of the phenomenologically proposed models [15, [53] [54] [55] [56] [57] . And where we also have a clear distinction between the cosmological constant and the vacuum energy.
Remarks
From the theoretical point of view, the cosmological constant problem is a fundamental problem, like the hierarchy problem, and its solution must come from a complete theory independent of particular models. As we want to point out to the reader, besides a quantitative difference between gravity and gauge interactions, gravity seems to behave qualitatively different than other gauge interactions, as we have seen from the efforts of unifying all fundamental interactions, as well as dark component problems (the dark matter and dark energy problems) and observational data. An ultimate solution requires a deeper insight on the structure of the universe and on what gravity really means.
It was shown that the vacuum structure of the brane-world is more complex than in General Relativity due to the presence of the extrinsic curvature, and even the special case of a vanishing extrinsic curvature has a richer geometrical structure. This implies that the cosmological constant and the vacuum energy density have a different relation in the brane-world than in General Relativity, where the cosmological problem arises from. When we analyze the Riemannian structure, we conclude that the ambiguity associated with the equivalence classes of Riemann's curvature is the main problem: we simply can not make ρ confined and Λ compatible, because they are defined in quite different spaces: Minkowski's ground state and the deSitter ground state respectively. Because the Riemannian structure is used on General Relativity, this curvature ambiguity is very much present in it. The difficulty is that the objects described by the chosen geometry (by Einstein), do not necessarily coincide with the objects described by the observed geometry. In other words, we cannot be sure that our theoretically constructed structures using Riemannian geometry correspond to what is actually observed, and recent astrophysical and cosmological problems are telling us about this geometrical difference.
The generally acknowledged scheme for structure formation is that of gravitational perturbations originating from quantum fluctuations of fields during the inflationary era, as estimated by Quantum Field Theory. Since gravitational perturbations also mean geometrical perturbations, the understanding of the structure formation implies studying the generation of geometrical forms in geometry. This goes beyond the classical perturbation theorems used in General Relativity, as it is described by J. Bardeen [58] , whom admits that the Riemannian geometry of space-time is already established with coordinate gauges, resulting from the diffeomorphism invariance of the theory. The importance of having a unique curvature reference standard stems from the fact that the observables of the gravitational field are determined by the eigenvalues of the Riemann curvature tensor. The solution to such conflicts comes from fixing Riemannian geometry as suggested by Schlaefli and demonstrated by Nash, placing a standard curvature in the bulk geometry defined by the EinsteinHilbert principle. The brane-world theory using Nash's result is presently the only gravitational theory which is consistent with the formation of structures of geometric perturbations, which at the same time is free from coordinate gauges and which is also motivated by the solution of the problem of hierarchy of the fundamental interactions. Finally, we have shown that the presence of this higher-dimensional embedding space provides a geometric standard for the curvature, making it possible to contemplate the confined vacuum structure and the deSitter space-time without the cosmological constant conflicting with the presence of the extrinsic curvature as shown by Eq. (27) .
